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Abstract. In this article we study the continuity properties of trajec- 
tories for some random series of functions, Y2^L a^f(aXk{ui)) where 
(a&)fc^o is a complex sequence, (Xk)k^o is a sequence of real indepen- 
dent random variables, / is a real valued function with period one and 
summable Fourier coefficients. We obtain almost sure continuity results 
for these periodic or almost periodic series for a large class of functions 
/, where the "almost sure" does not depend on the function. The proof 
relies on gaussian randomization. We show optimality of the results in 
some cases. 



SERIES DE FONCTIONS ALEATOIRES ET APPLICATIONS 



Abstract. (Resume) Dans ce travail, nous etudions des proprietes 
de continuite de trajectoires de series de fonctions aleatoires du type 
X^feLo a kf{ a Xk(^)) ou (afe)fe^o est une suite de nombres complexes, 
(Xk)k^o une suite de variables aleatoires reelles et independantes, / une 
fonction 1-periodique a coefficients de Fourier sommables. Nous mon- 
trons que, presque surement, ces series de fonctions aleatoires (periodiques 
ou presque periodiques) sont a trajectoires continues pour une grande 
classe de fonctions /. Le "presque sur" est independant de /. Les 
preuves s'appuient sur un procede de randomisation gaussien. Dans 
certains cas, nous montrerons l'optimalite des resultats obtenus. 
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1. Introduction. Main results 
In pp, Berkes studies the almost sure convergence of series defined by : 

y^akf{an k ) 

where the sequence (n&) is lacunary and the function / verifies : 

f(x + l) = f(x) [ 1 f(x)dx = [ f(x)dx = l 
Jo Jo 

He shows that the important property of / to ensure the almost sure con- 
vergence is / G Lip(7) with 7 > 1/2 and J2k>i \ a k\ 2 < +00. In his case, 
the rifc are strictly lacunary, more precisely, they satisfy the Hadamard gap 
condition : 

nk 

We can naturally adress the question whether the convergence still holds 

when rik is polynomial, and for which class of functions. We are going to 

answer the question when the sequence (nk) is randomly generated. 

Let us mention that the result exists when (njt) is a deterministic polynomial 

sequence and (a&) is randomly distributed (see and [Hj). 

We want to study the convergence properties of series of functions sampled 

by a random process. More precisely, consider the torus T = Et/Z and define 

A(T) as the set of complex valued functions whose Fourier coefficients are 

absolutely summable : 

A(T) = {/ : T -» C, f(a) = £ f(j) exp (2nraj), ^ I/O') I < 

(dk)k^o will denote a sequence of real numbers and (Xk)k^o a sequence of in- 
dependent real random variables defined on the probabilised space (fi, A, P). 
Our aim is to study the convergence, when to £ fi is fixed, of the series of 
functions 

00 

Va G E, F(a, u) = a k f{aX k {uj)) 

k=0 

Is it possible to give conditions on the sequence (a,k)k^o m order to find a 
„4— measurable set fio independent of the function /, such that P(fio) = 1, 
on which the series uniformly converges? 

Note that when Xk does not take integer values, F is not a periodical func- 
tion of the torus. For us, a will be real and we will deal with this "almost 
periodical" case. That is why we have to study the properties of F on a 
compact [—M,M] and not only [0, 1] (see for example [3]) 
For all / G A(T), define 

ll/lh=El/tf)l<+°°- 

jew, 
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lll/llh=El/C7')IViog(lil + 3)<+oo. 

and 

B(T) = {/ : T -> C,/(a) = £ /(j) exp (2i7rcy), Ill/Ill < +00} 
Remark that B(T) C A(T). 

In the following, we will give conditions for a 1— ► F(a,u}) to have continuous 
trajectories P— almost surely. 

We will denote by the characteristic function of the random variable X 

Vt G E,<^x(i) = E(e 2i7r ' x ) 

Theorem 1.1. Lei (-Xfc)fc^o be a sequence of independent real valued random 
variables and let (a^k^i be a sequence of complex numbers such that, for 
any compact K which does not contain 0: 



(H) Ve > 0, 3N > 0, sup sup sup 



k=n 



< e . 



Assume moreover that: 

case 1: (polynomial) there exists (5 > and d > with E|X/ C | /3 = 0{k d ) 
and 



W E ~ n^r- < +°° 

* " T7a / OCT r) 



nVlog n 



case 2:(subexponential) there exists (3 > and 7 e]0, 1[ u>ii/i E|X&|^ 
0{2 kl ) and 



(2) ^ J! —_ < +00 



then in both cases, there exists a measurable set £Iq with P(Qo) = 1 such that 
for all uj G Q , for any f £ B(T) such that J T f{t)dt = : for a £ R - {0}, 
F(a,uj) is well defined, a 1— * F(a,ui) is continuous and the series defining 
F converges uniformly on every compact which does not contain {0}. 

Remark 1.1. 

(1) It is worth noticing that the set Qq does not depend on the class of 
functions f (A(T) or B(T)). 

(2) when (Xk)k>o takes integer values, condition \\\f\\\ < 00 becomes 
11/11 < 00. 

(3) we will give conditions on the law of the process (Xk)k^o to fulfill 
hypothesis (H). 

(4) For example, when |a&| = 0(k~ s ), in case 1, if 8 > 1/2, then condi- 
tion^ holds and in case 2, if 5 > then condition^ holds. 
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(5) Concerning case 2, ifj 1 (1E|X&|^ growths exponentially), one can 
prove using remark \2.1\ that the series ^ has to converge. The 
function F is then obviously well defined using only Cauchy Schwarz 
inequality. 

In case condition (Ti) is hard to check, it is possible to split up the hypoth- 
esis on the sequence (a^) and the characteristic function (px k either using 
Abel's summation method or using Cauchy Schwarz inequality. 
Define: 

1 + ylogn in the polynomial case 

7 

re 2 in the subexponential case 



c 



n 



Corollary 1.2. Let (X^^q be a sequence of independent real valued ran- 
dom variables 

Assume that, for any compact K which does not contain : 

JV 

(Ti 1 ) sup sup sup I y2<px k (j(x)\ < 00. 

N^laeK jez-{0} £Zj 

Let (cifc)fc^i be a sequence of complex numbers enjoying the following prop- 
erties 

( 2 ) Efc^i \ a k - afc+i| converges 
then there exists a measurable setQo with¥(Qo) = 1 such that for alluj £ $7o> 
for any f G B(T) such that J T f{t)dt = 0: for a£E - {0}, F(a,u)) is well 
defined, a t— > F(a,uj) is continuous and the series defining F converges 
uniformly on every compact which does not contain {0}. 

Corollary 1.3. Let (X^^o be a sequence of independent real valued ran- 
dom variables 

Assume that, for any compact K which does not contain : 
(Ti.") Ve > 0, 3N > 0, sup sup sup > Wx k (ja)\ 2 <e. 

m>n^N a£K jeZ-{0} \fc=„ / 

Let («jfe)fc>i be a sequence of complex numbers enjoying 



E v Ysk^n \ a k\ 2 
< +oo 



nc 



then there exists a measurable set with ¥(Qq) = 1 such that for allu £ 
for any f G B(T) such that J T f(t)dt = 0: for a £ K, - {0}, F(a>,u) is well 
defined, a i— > F(a,uj) is continuous and the series defining F converges 
uniformly on every compact which does not contain {0}. 

Remark 1.2. 

The previous corollaries will be useful for example when the law of X/~ 
is obtained by convolution product (see corollary \4-2\). As the condition 
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^2k>i \ a k — a/c+i | is often hard to check, corollary \1. 'A is sometimes better to 
use. 

The proof of theorem 11.11 will start by looking separately at F(a, u) — 
E(F(a, .)) and E(F(a, .)). It turns out that hypothesis (Tt) will be used 
only to deal with the expectation. That is why we think interesting to state 
the result for: 

F{a,u) - E(F(a, .)) := ^ a k [f(aX k (u) - E(f(aX k )) 

k 

Theorem 1.4. Let (X k )k^o be a sequence of independent real valued random 
variables such that there exists (3 > and d > with E|-Xfc|^ = 0(k d ) 
or 7 g]0, 1[ with E|Xfc|^ = 0(2 kl ). Let (ak)k^i be a sequence of complex 
numbers enjoying the following property 



< +CX) 

nr* ... 



nc 



then there exists a measurable set Qq with P(f2o) = 1 such that for allu) G Qq, 
for any f G B(T) such that j T f(t)dt = : for a G R, F(a,u) - E(F(a, .)) 
is well defined, a i— ► F(a,u>) — E(F(a, .)) is continuous, the series defining 
F — E(F) converges uniformly on every compact and there exists C w > 
such that for all a G M.: 



|F(a,u;)-E(F(a,.))| ^C7J||/||| v / log(|a|+2) 

Remark 1.3. 

(1) We also discuss the optimality of hypothesis on (a k ) of theorem \l.J\ 
in section 2. 

(2) We also have: 



\F(t,c)-E(F(t,.Wdt 

t>i s/TlogT 

This result relies on uniform estimations of the size of some trigonometric 
polynomials, more precisely on the following : 
Recall that log + = max(log,0). 

Theorem 1.5. Let A and A be two integers with A ^ A, (X^^q be a 
sequence of independent real valued random variables such that there exists 
(3>0 such that, \/N ^ 0, E|X^| < oo. Define 

VN ^ 0,$ /3 (A f ) = 2 + max(iV,E|X^|) 

Let M ^ 1 and Im = [~M, M]. Let (a k )k^i be a sequence of real or complex 
numbers. 
Define 



A 



A,A,M 



\ 



log(M^(A)) V|a fc 



A 
k=X 
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E sup sup sup sup 

j€Z A>1 A^AqG/m 



Y,t=x a k [ ex P 2majX k (uj) - E exp 2majX k ] 



^lA,Af lo g(lil+ 3 ) 



< oo 



Remark 1.4. When(X k ) k ^Q takes integer values, the proof of theorem \1.5\ 
is easier. Namely, using the fact that a \— * ja (mod 1) is onto for j ^ 0, we 
get 

A 

a k [exp 2iirajX k (u) — E exp 2majX k ] 



sup sup 



sup 



fc=A 
A 



afc [exp 2i7raXfc (a;) — E exp 2m aX^ 
the result of theorem M.FA becomes then : 

Sfc=A a k [ ex P 2i7raXfc(a;) — E exp 2maX k ] 



E sup sup sup 

A^l A>A a£lM 



< oo 



When [X k ) k ->\ ta&es reaZ values, the proof is more tedious. It relies on a 
fine inequality about decoupling gaussian random functions (see section 3.). 
We can see here why, for integer-valued X k , we can work with the functional 
space A(T), whereas for real-valued X k , we need to introduce the space B(T). 

2. Proof of theorem 11. II and corollary 11.21 
First, we split F into two parts as follows : 

^a fe /KH) =J2 a k[f(dX k {u)-E(f(aX k )) + J2 a kW{^k)) 

k k k 

-Step 1 : (first part of the sum) 
Let (N k )k^i be a strictly increasing sequence of integers and define 



Vfc > 1, 



N k +i 

P k (a)= ai[f(aX l (u))--Ef{aX l )] 

l=N k +l 



where / G B(T). We want to study the following series, for all M 1 : 

fa) I 



y2 sup \p k (c 

- a( z[- M ,M] 



We have 



\P k (a)\ <J2\fU)\ 



^2 a /[ ex P (2irjaXi(uj)) - Eexp (2njaXi)} 
l=N k +l 
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Hence, using theorem ESI there exists a positive integrable random variable 
£ such that 



(3) sup \P k (a)\ < £|||/||| 

a€[-M,M] 

where 



£ = sup sup sup 
with 



i 



^l,M lo g(lil+ 3 ) l=N k+ l 



N k+1 

log(M* jB (JV fe+1 )) ]T |a,f 



iV, 



fc+i 



4 )M = log(M^(iV fc+ i)) |a,| 2 

l=N k +l 

First, in the polynomial case, that is to say when there exists d > with 

<&p(N) = 0{N d ) 
then we choose = 2 2k and we need to prove that 

9 fc+i \ 1/2 



E 2fc/2 ( E n 



< +0O 



now we use the following equivalent: 



E 

=2 2fe +l 



Z(log(0)V2 



>fc/2 



which may be computed by comparing series and integral, hence : 



1/2 



1/2 



2 fc/2 £ 



=2 2fe +l 



c E 

l=2 2k +l 

c E 

2=2 2fc +l 



z(M0) 1/2 

v-^oo I I 



E 

,/=2 2fc +l 
1/2 



\ a l\ 



Kiog(O) 1 / 2 



and, using condition 



,fc+i 



1/2 



,fc+i 



E 2 * /2 E n 2 < E^ E 



1/2 



Vi=2 2 +1 



i=2 2ft +l 



Z(log(/))V2 



£ 2_^- — < +oo 



n>2 



n^/log n 
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this implies : 

sup |Pfc(a)| < oo 
k>1 ael-MM\ 

almost everywhere on the measurable set Q Q = {uj G < oo}. By 

construction, this set does not depend on the choice of /. 

Secondly, in the subexponential case, that is when there exists 7 G]0, 1[ with 

we choose = 2 k and we need to prove that 



2k+ i \ 1/2 



N 2 ] < + 

k \l=2 k +l 



OC 



Using the following equivalent: 

2 fc+i 

*=2 fc +l 1 

and doing the same kind of computation as before, using condition [2J 



— -r=% — <+°° 



n>2 U 2 



implies 



sup \Pk{a)\ < 00 

^ ae[-M,M] 



We also get from (J3J), for all a£E: 

|p fe (a)K^|||/|||VMH + i) 

summing on fc, we get the inequality: 



log^CJVfc+i)) £ Kl 



|F(«,u,) - E(F(a, .))| < C£M|||/||| + 2) 

where C only depends on (a^) and E(£) < 00 

This ends the proof of theorem 11.41 which is also the first step of the proof 
of theorem 11.11 

-Step 2 : (second part of the sum) 
Let K be a compact which does not contain zero and a £ K. Let n < m be 
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two integers, 

m 

(4) | J> fe E(/(aX fc ))| 



k=n 



(5) 
(6) 
(7) 



= I S Z)«fe/0')lB(exp(2i7rjaX fc ))| 

m 

= I ^2 a kfU)vx k (ja)\ 

jGZ* k=n 

m 

j£Z* k=n 

m 

< ( X] I ^ I ) SUP , I S ak(PX * ti a ") I 
j'eZ* jeZ * k=n 



At this point, to prove theorem ll.il we can conclude directly by using hy- 
pothesis (Tt) to get 

m 

sup sup I y2 ak^(f(aX k ))\ < e 

n<m a<=K , _ 



To prove corollary 11,21 we use Abel's summation. Let <p p = Y^=o , we 



as long as m and n are large enough 
To p 
have : 

m m 

( 8 ) Y akipx ^ a ) = Y ak ^ k+1 ^°^ ~ ^kija)) 



k=n 



(9) 
(10) 
(11) 
and : 



k=n 

m+1 m 

= ^2 ak-i<Pk(ja) ~ ^ ak<Pk(ja) 

k=n+l k=n 

= -a n 4>n(ja) + a m <fr m+ i(ja) 

m 

+ Y ( a k-i ~ a k)4>k{ja) 

k=n+l 



^ HI/HI sup sup sup \(f) N (ja)\ 

N^l a£K jeZ* 



+ \ a n\ + ^ l a fc _a fe-ll 
k=n+l 



we now conclude using hypothesis TL' and hypothesis (1) on the sequence 
(a n ) in corollary 11.21 : 

771 

sup sup I ^2 ak^{f{aX k ))\ 



k=n 



+ \ a n\ + ^ \ ak ~ ak ~ 
k=n+l 



sup sup sup \4>N(ja)\ < e 



10 
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as long as m and n are large enough. 

To prove corollary 11.31 we use Cauchy Schwarz inequality in the following 

way: 



k=n 



\ k=n \ 



k=n 



and we conclude using condition H" . 



Remark 2.1. 



[1) the most general hypothesis we can put on the sequence (afc)fc>i is 
the following : there exists a strictly increasing sequence (Nk)k^i 
such that 



E 

fc=i 



log$p(N k+1 ) N 2 <°° 

l=N k +l 



(2) if the process (Xk)k^i takes integer values then f G A(T) can be 
assumed without any other hypothesis. 

(3) IfYl \ a k\ 2 diverges, then we can construct a stochastic process (Xk)k^i 
verifying the hypothesis of theorem ] l.J\ and find f G B(T) such that 
the convergence of the series is not uniform on any compact. In that 
sense, the conditions imposed to the sequence {atjk^i ar e optimal. 
Remark that in this case, conditionals not fulfilled. 

Namely consider a sequence of independent random variables with 
disjoint supports. For all k ^ 1 the support of X k is the set of 
integers belonging to [k 2 , (k+1) 2 — 1] and hence, the hypothesis on the 
moment is verified. We will come back to the law of X^ later. Now 
choose f in the following way : for all a G T, f(a) = exp(2i7ra). 
Thus f G A(T) et \\\f\\\ < oo. As a consequence, if the convergence 
of the series defining F was uniform in a on T, then we would have 



< sup 

a€[0,l] 



afc [exp 2maXk(uj) — E exp 2maX^\ 

k=l 

oo 

afc [exp 2inaXk (u>) — E exp 2inaXk] 



k=l 



da 



< oo 
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By construction, P— almost surely : 



o 



afc [exp 2maXk{uj) — E exp 2i^aXk 



k=l 



2 

da 



exp (2inaXk(uj)) — Eexp (2iiraXk)\ da 



oo „i 

Eh 2 / 

oo „i 

V|a fc | 2 / |1 - |Eexp(2i7raX fc )|| 2 da 
fc=l ^ 



oo 

fc= 

Assume now that the law of X^ is uniform on the 2k + 1 integers of 

1,2 a , il2 



[k 2 ,{k + I) 2 - 1]. /or a// jfc > 1. 
| Eexp (2f7raX / t)' 



2fc + 1 



sin7ra(2/c + 1) 



sm7ra 



Using Lebesgue convergence theorem, we get 

lim f |1 - |Eexp(2i7raX fc )|| 2 da = 1 

k^+oo J Q 

and we also get the divergence of the series with positive terms 

oo -i 

|a/c| 2 / |1 — |Eexp (2iTTa>Xk)\\ 2 da = oo 
k=i Jo 

A contradiction with uniform convergence of the centered part. 

3. Proof of theorem 11.51 

Let us begin by restating some inequalities obtained by Fernique 
which will be useful in the proof of theorem 11.51 For more information on 
gaussian techniques in this framework, see [7j and j^j. 

Inequality 3.1. Let (Gk)k^i be a sequence of Banach space valued gaussian 
random variables (B, \\ ■ ||) defined on a probabilised space (Q,A, P). Then : 

Esup || Gk \\< K\ < supE || Gk || +Esup | AfcOfc | > 
/.• •: [/,•.->.! k •: J 

where {\k)k^i is an isonormal sequence, K\ a universal constant and for all 
k^l, 

a k = sup ||< G k ,f >b|| 2 ,p 
/6B'>||/Il<i 

Inequality 3.2. Let g be a real valued stationary gaussian random variable, 
separable and continuous in quadratic mean. Let m be its associated spectral 
measure on M + defined by 

poo 

E[| g(s) - g{t) | 2 ] = 2 / [1 - cos 2nu(s - t)}m{du) 
Jo 
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We have 



E sup g(a) < K 
«e[o,i] 




min(u 2 , l)m(du) + 



m 



1 e x2 , oo 



[)dx 



where K is a universal constant. 



Inequality 3.3. (decoupling,) Let X = {X(t) : t £ T} be a gaussian 
random function defined on a finite or countable set T. Let {T k , k S [1,^]} 
be a covering ofT. Let S = T\ x • • • x T n . The following inequality holds : 



E 



sup 

fc€[l,n] 



sup X(t) - E sup X(t) 
ten ten 



" 
















sup < 

ses 


!■ 


sup X(s k ) 

ke[l,n] 


1 



The following estimation generalizes inequality 13.21 and will be useful in 
the almost periodic case because it gives estimations on arbitrarily large 
intervals. 

Inequality 3.4. Let g a real valued stationnary gaussian random function, 
separable and continuous in quadratic mean. Let m its associated spectral 
measure on R + defined as in ineaualitu VS .'A There exists a universal constant 
K such that 

E sup g(a) 

ae[-M,M] 



< K 




min(2Mu 2 , 1) m{du) + 





gX 2 






, OO 


[) 




2M' 





I dx 



Let us now come to the proof 

-Step 1: In this part, we replace our problem by a question of regularity 
of trajectories of random gaussian functions. 

Let us consider an independent copy of X = {X^jk^i denoted by X' = 
(X' k )k^i defined on another probabilized space (Q,A,F). We call E* the 
integration symbol whose index refers to the space of integration. 

Using classical convexity properties, to prove (1), it is enough to show 



(12) E x x ' sup sup sup sup 

jeli A^l A^A aelm 



l^k=X a k 



2iTrajX k _ 2majX, 



+ 3) 



< oo 



Let us now symmetrize the problem: consider the following separable 
family of random functions, with continuous trajectories 

(fk)k^i = {fk(a,j) = a k (exp2iirajX k - ex.p2iTrajX' k ),a G I M ,j G Z} fc ^i 

By construction / is a symmetric family of random functions, that is to say 
their law is sign- invariant. More precisely, call {e k ,k 1} a sequence of 
independent Rademacher random variables (taking the values +1 and — 1 
with probability 1/2), defined on a third space (Q ,A , P ), independent of 
X and X' . {f k ,k ^ 1} and {£kfk,k ^ 1} have the same law. Thus for all 
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integers (A, A) such that A ^ A, 2~^fc=A fk an d Ylk=x £ kfk also have the same 
law. 

That is why (|12|) can be written on a larger space of integration in the 
following way: 



E x x ' sup sup sup sup 

' ' jez A>1 A>A aei M 



J2k=x £ kfk{aJ) 



A l.x,M^g(\j\+3) 



We deduce a sufficient condition for (|T2)) to be realised 



(13) Ex, e sup sup sup sup 

A>1 A^A «e/ M 



J2k=x £ k a k exp 2inajX k 



A l,x,M l °S l 



+ 3) 



We then use a precious tool in the theory of gaussian random functions: the 
contraction principle. This tool is built on a quite simple idea: replace the 
choice of signs by a sequence of gaussian random variables with mean zero 
and variance one. This idea can be explained by the following property: 
given g a gaussian random variable with mean zero and variance 1 and e a 
Rademacher random variable, if g and e are independent, then g and e\g\ 
have the same law. 

As a consequence, in order to prove ((T3*|) . we show 



E 



X q q SU P SU P SU P SU P 

jeZ X^l A^Xa£l M 



Y,k=x a k(9k cos 2najX k + g' k sin 2irajX k 



^A,A,M lo g' 



+ 3) 



< +oo 



where {g k , k ^ 1} et {g' k , k ^ 1} are two sequences of independent identically 
distributed random variables with law M(0, 1), independent of X and e, 
defined on two other probabilised spaces. 

Conditionally to X, the problem is reduced to studying the regularity of 
the trajectories of stationary gaussian random variables. This concludes the 
first step of the proof. 

-Step 2 : In this part, we use the gaussian tools introduced in the be- 
ginning. 

Conditionally to X, call G(A,A,j, a) the following quantity 

1 A 

y~] a k \gk cos (2irajX k ) + g' k sin (2irajX k ) 



+ 3) 



fc=A 



If j, A and A are fixed, G(a) := G(A,A,j, a) is a random function with 
almost surely continuous trajectories (up to a modification of trajectories). 
That is why it is enough to show that G is bounded on Im n Q. Moreover, 
we will assume that |j| < J where J is a large fixed integer. 
Let us begin by finding an upper bound for 

E j supsupsup sup \G(\,A,j,a)\ 

|i|<J A>1 A^AaG/ M nQ 
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First remark that if Yt (t G T) is a gaussian random function defined on T, 
then for all t € T we have (see (ij (480)) 

E sup \Y t \ < W)\Y to | + E sup Y t 
teT teT 

In this way, we get rid of the absolute value. Apply this remark to G(A, A, j, a) 
with a = 0, A = A = 1 and j = and let us find an upper bound for 

(14) E / sup sup sup sup G(X, A, j,a) 

In order to apply the decoupling inequality 13.31 define 

T = {-■/,-•• ,J}xH x(/ M nQ) 

where J is a large enough integer and is the upper triangle of dimension 
2 in IN x IN (see figure 1 below) (A G IN and A > A.) A point in t G T will 
be written t = (j, A, A, a). 

This set T is at most countable and we will find an upper bound for 
W, g i sup tgT G(t) independently of J and then conclude by taking the supre- 
mum on j G J. Define 

Tj = {j} x H x (I M n Q) 
It is obvious that {T,}, = _j... j is a covering of T. Define 

Using inequality 13.31 we have 

E„ „' supG(i) < J supE / sup G(sj) + sup E > sup G(t) 

where Sj is a point in Tj. 
-Step 3 : We study now 

supE sup G(sj). 
ses -J^j^J 

We can rewrite this in the following way : 



(15^upE fliS / sup 



Y^kLxj a-k 9k cos {2-irjaj X k ) + g k sin (2irja.jX h ) 



■'■ ^ ' V A W/i°g(b1 + 3) 

where the first supremum is taken on 

{(a_j, • • • , oij) G (I M n Q) 2J+1 , ( (X-j, A_j) , • • • , (Aj, Aj) ) G F 2J+1 } 

Fix {(a_j, • • ■ , aj) G (J M D Q) 2J+1 and ((A_j, A_j) , • • • , (Aj, Aj) ) G 
F 2J+1 }. Define the gaussian process 



EfclAj 5fc cos (2itjoijX k ) + ^ sin {2itjoijX k ) 



A l,A j M l0 S(\j\+^) 
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In order to get an upper bound for 1151 we remark that 



sup E / sup Gj 



(16) < 



sup 



E„ 



sup sup \G(j, Xj ,Aj,a) 



((A_ j ,A-j),-,(Aj,Aj))G^ 2j+1 -J^j^JaeI M 

We will get an upper bound for the right hand side of 1161 independently of 
J, which will give us an upper bound for El by taking the supremum on 
3 € J- 

Applying inequality 13.11 to the finite sequence of random gaussian func- 
tions 

(G(j, Xj, A i ,a))_j< i < J 
we prove that ^ gg ' ^V-j<j<j SVL V a ei M l^*C?"> "\?> a )l * s ^ ess than 



(17) C{ sup E / sup | G(J, Xj,Aj,a)\ + Eg sup \£ jqj \\ 
{-J<j<J aei M -J<j<J ) 

where C is a universal constant, {£j)—j<j<j is an isonormal sequence and 

qj < sup \\G(j, XjAj,a) 

This gives us the following upper bound 

1 



< 



^log(McD /3 (A J ))log(|j|+3) 
As for all j we have A,- ^ 1 and M ^ 1 we easily get 



(18) 



(19) 



Eg sup \^jQj\ < Eg sup 
-J<j<J -J<j<J 



< CEg sup 



1 



Vlog (|j| + 3) 
6 



\/log(|j| + 3) 

The exponential integrability of gaussian vectors gives 



Eg sup 



A/log |j| +3 



C < oo 



and hence 



sup Eg sup \£jqj\ = C < co 

(A_ j,A_j),- ,(A J ,A./))e^+ 1 -J<j<J 



independently of J and of the sequence (A_j, A_j), • • • , (Aj, A j)) G }j 2 J+ 1 ^ 
We then get independently of J on the whole integration space 

Ex sup Eg sup \CjQj\ < C < oo 

(A_ j,A_ j),- ,(Aj,Aj))etf 2J+1 -J<j<J 

where C is a constant. 
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Let us now try to find an upper bound for 



(20) 



sup 



((A_j,A_j),- ,(AjAj))G^ 2J+1 -J<3<J 



sup E ggl sup \G(J,Xj,Aj,a 



aelM 



independently of J. 

We will use inequality 13.41 Let us choose a finite sequence 

((A_j,A_j),-.- ,(Aj,Aj) 

and an integer |j| < J. The gaussian random function Gj (a) := G(J,Xj,Aj,a) 
is stationary. Its associated spectral measure on R+ is defined by 



log (|j| + 3) log (M^(A,-)) ( EZx 3 \*k\ 2 J fc =A 



where <5 U is the Dirac measure in the point u. 
We get 

E <?,</ sup l G J'( Q ) 



< c 



2M 



, oo [ J 



It is obvious that the first term is less than 



mj(R+) < C 



Vlog(2M) log (|i| + 3) 



where C is a universal constant because for all j we have &p(Aj) ^ 2. 
For the second term, it can be rewritten in the following way 



Using 
Vk > 1, 



exp X 4 
2M 



, oo [ )dx 



log(|j|+3)log(M^(A,)) E^lofc 



N 



E h 21 



{2M|jA fc |>e- 2 } dx 



1 {2M|jA fc |>e- 2 } - 1 {2M\j\snp l<k \X l \>e- 2 } 



we cut M + in the integral according to the increasing subdivision 



{0}(J{ /log + (2M|i|sup | X t <k< Aj} 



Kk 
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We get thus an upper bound for the previous integral 



E 

k—\j 



log+ (2M|j|sup | Xi 

l<k 

i 

2 A, 



log+(2M|j| sup \Xi 

Kfc-l 



E 



ai 



< 



Em 2 E 



, i=x, 



log+ (2M|j|sup | Xt |) 

Kk 



log+ (2M\j\ sup \X t |) 

Kfc-l 



< 



Me 



log+ (2M\j\ sup | X, 

KAn 



Consequently, V|j| < J, 



exp x z 



oo\ \dx < 2\ 



< A\ 



< 4 sup 



< 4 sup 

AT>1 



, log+(2M|j|supK Aj I X t |) 
log(|i|+3)log(M^(A j )) 

/ log + (2Msup 1 <K Aj \Xi\) 
log(M$^(A i )) 

/ log+ (2M 
V log(M^(0) 

/ log+ (2M | Xjy |) 
log (M^iV)) 



KKA, 



< 4 1 + sup 

\ N>1 



'log+d^D 



log $f}(N) J 

Finally, on the whole integration space, we get the following upper bound : 



(21) 



(22 



Ex 



sup 



(A_ j,A- j),- ,(A. J ,A./)e^+ 1 -J<j<J 



sup ^ gg ' sup \Gj(a) 



< C 1 + E x sup 

V AT>1 



'log + (| Xat I) 



< oo 



log^(iV) 

-Step 4 : To end the proof of theorem II. 5| it remains to deal with 

sup E / sup sup G(j, A, A, a) 
-J<j<J {\,A)eH aei M nQ 

Let us fix j. In order to apply inequality 13.11 we need to replace the supre- 
mum on (A, A) € H by a supremum on only one variable, in other words, 
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A 



Figure 1. renumbering the upper triangle in M 2 



we need to renumber H using one variable h G M 2 given by the formula : 

2 

(see figure P). 

Let us fix j. Inequality gives us : 
E /su$3)sup G(j,h,a) < ifi(supE / sup G{j, h, a) +E > sup \\ h a h \ 

h>l a€l M nQ h^l a£l M nQ h^l 

where (\h)h^i is an isonormal sequence. The inequality : 

A(A-l) <h< A(A+1) 



2 2 
gives a polynomial dependence between A and h, hence : 

1 x 



and the first term in the right hand side of inequality H2o|) is dealt with in 
the same way as before. Finally, we get : 

E , sup sup G(j, A, A, a) < C ( 1 + sup / lp g + ( I ^ 1 ) j 

9,9 (\,A)€H ae/ Af nQ \ n^i V log$/?(iV) y 

That is to say, by integrating on the whole space, 
(24) 

E X sup E, sup sup G(j, A, A, a) < C ( 1 + Ex sup J l ° S J^Sv 1 
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Let us prove that 



Ex sup 

N>1 



llog+(\X N \) 



< oo 



log$^(iV) 

Using Jensen inequality, we can get rid of the square root. Let 5 > 0. For 
all N ^ 1, we have 

piog+\X N \ </31og H 



\Xn\ 
&JN) 



+ /?log + [^(JV)] 



noticing that $l(A r )) ^ 2 it is sufficient to show 



E sup log A 

N>1 



\X N f 
df (iV) 



< oo 



Using now the inequality log + (x) < x for any x ^ 0, it is sufficient to prove 

/ To < OO 

And as E\X N f ^p(N) and $p(N) ^ iV, if we chose 5 = | we get the 
conclusion. Steps 3 (seel2*Tj). step 4 (see I24|l lead us to the announced result 
of theorem 11.51 

4. Applications 

Let us begin by giving an example where the (Xk) are uniformly dis- 
tributed : 

Example 4.1. Suppose that C(Xf.) = U([[Xk — Cfe/2, fJ-k + <7fc/2]) with a k > 
et W)(Xk) = [ik with [ik = 0(k d ) for some d > 0. The characteristic function 
of Xk can easily be computed : 

fx k {t) = — sin(vrtcr fc ) 

■Kta k 

Using condition Tt of theorem ll.il the following condition 

'a„.' 



(25) 
and 



converges 

On 



E v Ysk^n \ a k\ 2 
7t= — < +°° 
nylog n 



are sufficient to get the desired convergence. 

Notice that using corollary M.A condition \25\) is replaced by 



n>l r < 



< +oo 
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The subexponential case could be dealt with in the same way. 

If we consider the border case a k = 0(k~ 1 ^ 2 ~ £ ) , it is sufficient that : 

in this case : 

F{Vk,X k G [fi k —,n k + —^-J} = 1 

which gives an information on the possible dispersion of the variables X k . 

Here are other examples where the conditions of our theorems can be 
quite easily verified. 

Corollary 4.1. Let {Xk)k>l be a sequence of real independent random 
variables whose law can be written in the following way for all k ^ 1 : 
£{X k ) = C{a k - X + //fc) where X verifies W\X\@ < oo for some f3 > 0. More- 
over, we assume that there exist d > and 5 > such that \a k \ = 0(k d ), 
\Hk\ = 0(k d ), the application 1 1— > t^Eexp {2iirtX) is bounded on K,, and let 
[o>k)k^l be a sequence of real or complex numbers satisfying the following 
two conditions 

(1) | 0fc | = 0(k~P) with (3 > 1/2 

(2) Elli ^ < - 

Then there exists a measurable set £1 with full measure (P(£l ) = 1) such 
that for any w 6 fi„ for all f S B(T) such that J T f(t)dt = : for any 
compact K which does not contain ; the application t S K i— ► F(t) = 
Sfc>i a kf(tX k (u)) is continuous and the series defining F converges uni- 
formly on K . 

The proof of corollary 14.11 relies on corollary 11.31 

Example 4.2. The random variable X may have a gaussian law with mean 
zero and variance one, a Cauchy law, the first Laplace law, an exponential 
law with parameter A > 0. Let us precise the gaussian case. 
Here C(X) = AA(0, 1), we have Eexp 2iittX = e~ t2/2 . Hence we can use the 
fact that t i — ^ e^ / 2 E exp 2mtX is bounded on R,. In this case, the sufficient 
condition to obtain convergence is 

m 

Ve > 0, 3N > 0, sup sup sup | V a k e 2i ^ kj e^ 2 " 2 ^/ 2 ] < e 
m>n^N aeK je%-{0} k=n 

Let d(0,K) be the distance between and the compact K. Using the fact 
that \a k \ = 0{k-P) with [3 > 1/2, the previous condition will be satisfied as 
soon as : 
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which, in terms of dispersion of the variables means that infinitely often: 



We discuss now the case when the laws of Xk are generated by a convolu- 
tion product of a given law \x. We distinguish two cases : on one hand when 
the support of /z contains non integer values, on the other hand when the 
support of \i is contained in Z. The first case is discribed by the following 
corollary : 

Corollary 4.2. Let (Xj.)^>i be an sequence of real valued independent ran- 
dom variables such that for all integer k ^ 1, C(Xk) = [i* k where \i is a 
probability measure on K, with ~E\X\\ S < oo for some 5. Assume the follow- 
ing : 

(a) fXi{t) = 1 t = (X\ aperiodic) 

(b) 3d > 0, sup I^Eexp (2iwtXi)\ = q < oo 

tent 

Let (a,k)k>i be a sequence of real or complex numbers such that the sequence 
\ak\ is decreasing and fulfills the two following conditions : 

(1) \a k \ = 0{k-P) avec [3 > 1/2 

( 2 ) Y.kLi K ~ a k+i\ < °° 

Then there exists a measurable set Vt Q with full measure (P(Q ) = 1) such 
that for any to £ Q a , for all f £ B(T) such that f T f(t)dt = 0, for any 
compact K which does not contain 0, the application t £ K 1— > F(t, to) = 
Ylk>i a kf{tXk(w)) is continuous and the series defining F converges uni- 
formly on K . 

Remark 4.1. If Xi is striclty aperiodic (\<pxi(t)\ = 1 < ^=^ t = 0), then the 
condition on the differences |afc — ak+i\ may be removed, using corollary \1. SI 
and the same kind of conputation as in the following proof. 

The random variable X\ being real valued, its characteristic function is 
not periodic. Take for example a gaussian law with mean zero and variance 
one. 

Proof : Let K be a compact which does not contain 0. Using Abel 's 
summation, it is sufficient to prove 

N 

^(Eexp 2iirjtX 1 

k=l 

independently of N. Let us split the supremum on j respectively into the 



sup sup 

tEK |j|3>l 



< OO 



supremum on the indexes J(q) and J(q) where J(q) = {j £ Z* : \ j\ < } 
and 2s is the distance between and the fixed compact K. 
On one hand, using (a), it can be proved that : 

Ve>0 inf \t\ 5 \l - Eexp(2mtXi)\ > 

|t|>£ 
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this implies 



sup sup 

t€KjeJ(q) 



N 



^(Eexp 2iTrjtX i y 



k=l 



< sup sup C(e)\jt\ s < C(K) 

teKjeJ(g) 



2q 



On the other hand, using (6), 



sup sup 

t€K je j( q ) 



N 



^(Eexp 2mjtXi) k 



k=i 



where C is a universal constant. 
□ 



N , N k 



< sup sup V ( — 
N I 



k=i 



As for the integer valued case, we have : 

Corollary 4.3. Let (X^^i be an sequence of integer valued independent 
random variables such that for all integer k ^ 1, C(Xf c ) = \i* k where [i is a 
probability measure on M, with W,\X\\^ < oo for some (3 > 0. Let (ak)k^i be 
a sequence of complex numbers such that ja^l = 0(k^ 13 ) with j3 > 1/2. 
Assume either : 



ifx 1 (t) = 1 < ^=> t = and |a& — 



afc + i| converges 



k>i 



or : 



\<p Xl (t)\ =l^=>t = 

Then there exists a measurable set Q Q with full measure (lP(fi ) = 1) such 
that for any uj £ £l , for all f G A(T) such that J T f(t)dt = 0, for any 
compact K of the torus which does not contain 0, the application t £ K ^ 
F(t,co) = J2k>i a kf(t Xk(u)) is continuous and the series defining F con- 
verges uniformly on K . 

Example 4.3. If the law of X\ is a Poisson law with parameter 1, we use : 

Vt G T> Xl (i)| < e ««(2^)-i 
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